REPRESENTATIONS OF 5*-ALGEBRAS ON BANACH SPACES BRUCE A. BARNES
This paper deals with continuous irreducible representations of a I?*-algebra on a Banach space. The main result is that if π is a continuous irreducible representation of a E*-algebra A on a reflexive Banach space X, and if there is a subset S of A such that the intersection of the null spaces of the operators π(a) for all a e S is a nonzero, finite dimensional subspace of X, then X is a Hubert space in an equivalent norm and π is similar to a ^-representation of A on this Hubert space.
In [7] , R. V. Kadison raised the question of whether every continuous representation of a J3*-algebra on a Hubert space is similar to a *-representation. Recently, J. Bunce, in [4] , answered Kadison's question affirmatively for a class of B*-algebras which includes the GCR algebras of Kaplansky. Also, the present author proved an affirmative result concerning this question in [2] (a new proof of this result is given in §2; see Corollary 2.3). However, the general question remains open. In this paper we consider this question of Kadison in the special case where the representation is assumed to be irreducible. Actually, the problem we consider (in the irreducible case) is more general than Kadison's problem, since we allow the representation space to be a Banach space X. Then we prove under certain conditions on the representation that X is a Hubert space in an equivalent norm, and that the given representation of the J3*-algebra is similar to a "'-representation of the algebra on this Hubert space. A precise statement of our main result is in the abstract above. It is an open question whether the existence of a continuous irreducible representation of a £>*-algebra on a Banach space X necessitates that X is a Hubert space in an equivalent norm.
At this point we introduce some notation and terminology. Throughout this paper X is a Banach space and A is a B*-algebra. All norms, except for particular norms introduced in context, are denoted by || ||. The normed dual of X is denoted by X*. If xeX and aeX*, we often use the notation (x, a} for a (x) . &(X) is the algebra of all bounded linear operators on X. If Te&(X), then &(T) and ^yK(T) denote the range and null space of T, respectively.
A nonzero subalgebra B of &(X) is irreducible (or acts irreducibly) on X if the only closed 5-invariant subspaces of X are {0} and X. B is strictly irreducible if the only J5-invariant subspaces of X are {0} and X. If π is a nonzero representation of A into then π is [strictly] irreducible if the image algebra π{A) is [strictly] irreducible on X. Throughout this paper π is a continuous representation of A into 2* Representation of a J3*-algebra on a Banach space* As we stated previously, π will always denote a continuous representation of A into &(X).
In this section we find general conditions which imply that X is a Hubert space in an equivalent norm, and that π is similar to a *-representation of A on this Hubert space (Proposition 2.2 and Proposition 2.5). Proposition 2.5 is used in the next section to prove the main result of the paper. K= {aeA:a(a*a) = 0} (see [5, Theoreme (2.9.5) We use these remarks in the proof of the next proposition. PROPOSITION 
Assume that π is irreducible, and assume that there exists xe X such that the left ideal K = {αe A:π(a)x = 0} is modular maximal in A. Then X is a Hilbert space in an equivalent norm, amd π is similar to a *-representation of A on this Hilbert space.
Proof. Let K be as in the statement of the proposition, and let \\a As noted above, A -K is a Hilbert space in the norm || || 2 , and the left regular representation of A on A -K is a *-representation on this Hilbert space. Since if is a modular maximal left ideal of A, then A acts strictly irreducibly on A -K. Define a norm, || ||, on
If a e A and k e K, then
Therefore, || a + JBΓ| | ^ (|| π \\ \\ x ||) || a + K\\ 2 for any aeA.
Thus (1) 
Thus a acts continuously on (A -K, || ||), and this verifies that (2) Then II II' is a Hubert space norm on X, and || ||' is equivalent to the given norm || || on X. Finally, it follows from [3, Theorem 4.1] that π is similar to a ^-representation of A on this Hubert space.
As a corollary we have a new proof of [2, Theorem 8] Next we apply Corollary 2.3 to the case where A is a GCR algebra as defined by I. Kaplansky.
COROLLARY 2.4. If A is a GCR algebra and π is a continuous irreducible representation of A into &(X), then X is a Hilbert space in an equivalent norm and π is similar to a *-representation of A on this Hilbert space.
Proof. The quotient algebra A/ker (π) has no ideal divisors of zero by [8, Lemma 2.5] . Therefore, by [8, Lemma 7.4] , A/ker (TΓ) contains a minimal left ideal. Then the result follows from Corollary 2.3.
As mentioned in the Introduction, J. Bunce has proved that every continuous representation of a GCR algebra on a Hilbert space is similar to a * -representation [4, Theorem 1] . Now for each positive integer n, let A n = {ae A: || a || <Ξ n). If x e X y let [τr(A % )x] denote the weak closure of the set π(A n )x in X. PROPOSITION 2.5 . Assume that π is irreducible and there exists x e X such that
Then X is a Hilbert space in an equivalent norm, and π is similar to a *-representation of A on this Hilbert space.
Proof. By the Baire Category Theorem, [τr(A % )α;] must have nonempty interior for some n. Note that since π(A n )x is a convex subset of X, then by [6, Corollary 14, p. 418] 3. Some preliminary lemmas. In this section we prove several lemmas which we apply subsequently in the proof of the main result. LEMMA 
Assume that X is reflexive and that A has an identity. Assume that a = a* e A. Then X -

Let E be the projection in £%?{X) with &{E) = <yf^(π(a)) and <yΓ{E) =
). If *sfs*(π(a)) Φ {0}, then there exists a sequence {a n } c A such that \\ a n \\ = 1, n ^ 1, and
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In this case \\E\\ <; ||π||.
Proof. Let sp(α) denote the spectrum of α in i. If λ£sp(α), let R(X) = (λ -α)""
. Since a = a*, then sp (α) is real and || R(X) || = (d(λ))"
1 where d(λ) = inf {| X -α: |: a e sp (α)}. Set λ n = ί(l/π), π ^ 1. Then λ Λ gsp(α), w ^ 1, and |{λ Λ .K(λ ft )} is a bounded sequence in A. It follows from [6, Corollary 5, p. 597 ] that X = and that {X n π(R(X n ))} converges in the strong operator topology to the projection E defined above. For n^l, let a n -X n R(X n ). If V(π{a)) Φ {0}, then 0 e sp (α), so that d(X n ) = 1/n, n^l.
Therefore, ||αj| = \X n \d(X n )~1 = 1 and ||π(α n )|| ^ ||τr|| for n^l.
Then || JE71| 1 
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Since a*aeN, then by [9, Corollary (4.9. 3)], aeN. This proves (3). If xeX and feX*, let (f\x) denote the operator defined on X by (f\x)(v) = f(y)x-Tf xΦO and / Φ 0, then the operator (f\x) has one dimensional range. Conversely, every bounded operator on X with one dimensional range is of the form (/1 x) for some xe X and feX*.
Note converges in the weak operator topology to (f\x).
Thus the conclusion of the lemma holds when m = 1. Now we proceed to prove (1) by induction. Let m > 1 be a fixed integer, and assume that (1) holds for m -1. Let {E n } be a sequence of projections satisfying (i) and (ii). For each n^l, choose x n e &(E n ) such that ||a? Λ || = 1. By (i), for an arbitrary ze^V(E n )
we have This implies that d n ^ 1JM where d n is the distance from *" to Choose g n e X* such that g n (x n ) = d Λ , || g, || = 1, and g n {^V{E n )) = {0}. Let Λ = d?g % . Then || (/. | *.) || = ||/. || = ώ-1 ^ Λf for w ^ 1. Set G n = E n -(/ n |* n ). By the choice of f n and * Λ , G M is a projection. Furthermore, dim (•$?((?")) = m -1 and || G TC || ^ 2M for all Λ ^ 1. If follows from the induction hypothesis and the argument in the first paragraph of the proof that there exists a subsequence {E Kk } of {E n } and an operator E with finite dimensional range, such that {E nk } converges to E in the weak operator topology. Now we prove (2) . Assume that E n (y n ) = y n for n 7> 1 and y n y in X. Let a be an arbitrary functional in X*. Then Since the right hand side of this inequality approaches zero as k -> 4-c*>, then E(y) = y.
4.
The main result* In this section we prove the main result, the statement of which follows. THEOREM 
Let X be a reflexive Banach space. Assume that A is a B*-algebra and that π is a continuous irreducible representation of A into &(X). Assume that there is a nonempty subset S of A such that the intersection of ^V(π(a)) for ae S is a nonzero finite dimensional subspace of X. Then X is a Hilbert space in an equivalent norm and π is similar to a *-representation of A on this Hilbert space.
We assume throughout the proof of the theorem that A has an identity. It is not difficult to verify that there is no loss of generality in making this assumption. Now let S be the nonempty subset of A hypothesized in the statement of the theorem. Then By the construction of {E a } aeτ , we have that W= Γ\aeτ&(E a ). Let F = (Jeer ^W Note that Y is a subspace of X since when α, 6GΓ, then ^V{E a ) U Λ\E b ) c Λ^ (E a+b ) .
Recall that Z is the closure of F. Let 2G^, and let ε > 0 be arbitrary. Choose 7/G F such that 11 ^ -y\\ < ε. Choose αeT such that E a y = 0. Then if 5GΓ and 6 ^ α, we have that 2£ β ^ E b , so that ^7/ = 0. 
&g{E) = W and ^T(E) = Z.
Let x be a vector in X. The net {βj} αe r is bounded in X. Since Xis reflexive, it follows from [6, Corollary 8, p. 425 ] that there exists a vector veX and a subnet of {E a x} aeτ that converges weakly to v. Thus there exists a directed set (Q, ^) and a map m: Q-> T such that {2£» (f f )<&}geρ converges weakly to v, and such that for each aeT, there exists qeQ such that when peQ and p ^ g, then m(p) α . If 6 G JΓ, let Q δ be the cofinal subset of Q defined by Q b{qe Q: m(q) ^ 6}. Then the net {E m{g) x} geQb converges weakly to v, and
Thus veW. Let a be an arbitrary functional in Z 1 , the annihilator of Z. Then since x -E m [q) xeZ for all qeQ, we have lim 9e ρ α(x -E m{q) x) = 0. Thus α(# -1;) = 0 for all ae Z 1 . Therefore, x -veZ, so that x = (x -v) + v e Z + W. As we noted previously, the fact that X = ZQ) W implies that the bounded net {E a } aeτ converges strongly to the projection E with range W and null space Z. ). By Lemma 4.2 there exists a projection i? % with W n , \\E n \\ ^ ||τr||, and such that (1) st. op. lim E a = E n .
By Lemma 3.3 we may assume (by passing to a subsequence if necessary) that there is an operator F with finite dimensional range such that ( 2 ) wk. op. lim E n = F ,
and ye &(F).
The subspace τr(A).τ is dense in X. Then since F has finite dimensional range, yeF(π(A)x).
Choose be A such that y -Fπ(b)x. Fix an integer n ^ \\b ||, and let A n = {ae A: \\a\\ ^ %}. We now prove that ?/ is in the weak closure of π(A n )x.
Let U be a weak neighborhood of 0 in X, and choose F a weak neighborhood of 0 in X such that F + V + V c U. By (2) we can choose an integer k so large that
By (1) we can choose an element ae T k such that
